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ON SOME SYMMETRIC q-SPECIAL FUNCTIONS
KAMEL BRAHIM - YOSR SIDOMOU
In this paper, we define the q-analogue of gamma and Bessel function,
symmetric under interchange of q and q−1, and present some of its main
properties.
1. Introduction
The study of q-analysis appeared in the literature a long time ago. In particular,
a q-analogue of some special functions like a q-exponential, q-Gamma, q-Beta
and q-Bessel functions have been studied intensively for 0 < q < 1.
Recently, G.Dattoli and A.Torre [2] introduced a q-Bessel functions of inte-
ger index which are symmetric under the interchange of q and q−1. The authors
use a generating function obtained owing a product of symmetric q-exponential
functions [9, 10].
In the present paper, we introduce a symmetric q- Gamma and q-Beta func-
tions and we extend the symmetric q-Bessel function of real index.
The paper is organized as follows: In section 2, we present some preliminar-
ies and notations that will be useful in the sequel. In section 3, we introduce a
q-analogue of the Gamma and Beta functions, symmetric under the interchange
q and q−1. A q-analogue of Bohr-Mollerup theorem is proved. In section 4, we
define and study a symmetric q-Bessel functions of real order. Finally, in sec-
tion 5, we introduce and study a q-analogue of the normalized Bessel function
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jν symmetric under the interchange q↔ q−1. We establish a q-Bessel operator
and we provide a q-integral representation of Mehler and Sonine type and as
applications, we present a q- transmutation operator.
2. Notations and Preliminaries
Throughout this paper, we will fix q > 0,q 6= 1. We recall some usual notions
and notations used in the q-theory (see [4] and [2]).
For a ∈ C, the q-shifted factorials are defined by
(a;q)0 = 1, (a;q)n =
n−1
∏
i=0
(1−aqi), n ∈ N∗. (1)
[x]q =
1−qx
1−q , x ∈ C. (2)
We also denote
[˜x]q =
qx−q−x
q−q−1 , x ∈ C, (3)
and
[˜n]q! =
n
∏
k=1
[˜k]q, n ∈ N∗, [˜0]q! = 1. (4)
One can see that
[˜x]q = [˜x] 1q
[˜x+ y]q = q
y [˜x]q+q
−x [˜y]q = q
x [˜y]q+q
−y [˜x]q
[˜0]q = 0 [˜1]q = 1.
We have
[˜x]q = q
−(x−1)[x]q2 . (5)
The symmetric q-derivative D˜q f of a function f is given by
(D˜q f )(x) =
f (qx)− f (q−1x)
(q−q−1)x , if x 6= 0, (6)
(D˜q f )(0) = f ′(0) provided f ′(0) exists.
The following properties hold
D˜q( f (x)+g(x)) = D˜q f (x)+ D˜qg(x) (7)
D˜q( f (x)g(x)) = g(q−1x)D˜q f (x)+ f (qx)D˜qg(x)
= g(qx)D˜q f (x)+ f (q−1x)D˜qg(x) (8)
D˜qzn = [˜n]qz
n−1. (9)
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We have the following relation
D˜q f (x) = Dq2 f (q
−1x) (10)
where
Dq f (x) =
f (x)− f (qx)
(1−q)x . (11)
Finally, we consider the sets:
R˜q = {±qn : n ∈ Z}∪{0}, R˜q,+ = {qn : n ∈ Z}∪{0}.
3. Symmetric q-Gamma and q-Beta functions
The q-Gamma function [4] is defined for positive real numbers x and q 6= 1 by
Γq(x) =
(q,q)∞
(qx,q)∞
(1−q)1−x f or 0 < q < 1, (12)
and Γq(x) =
(q−1,q−1)∞
(q−x,q−1)∞
(q−1)1−xq x(x−1)2 f or q > 1. (13)
Note that
Γ 1
q
(x) = q−
(x−1)(x−2)
2 Γq(x), 0 < q < 1, (14)
and when q→ 1 we obtain classical Euler’s Gamma function.
The q-Gamma function satisfies the following equation
Γq(x+1) = [x]qΓq(x), Γq(1) = 1. (15)
A q-analogue of Legendre’s duplication formula is given by (see [4])
Γq(2x)Γq2(
1
2
) = (1+q)2x−1Γq2(x)Γq2(x+
1
2
). (16)
In [1], Askey proved a q-analogue of the Bohr-Mollerup theorem.
Theorem 3.1. For 0 < q < 1. The only one function f ∈C2((0,∞)) satisfying
the conditions:
(i) f (1) = 1
(ii) f (x+1) = [x]q f (x)
(iii) d
2
dx2 Log f (x)≥ 0, x > 0
is the q-Gamma function Γq.
In [11], Moak showed the following result.
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Theorem 3.2. For q > 1. The only one function f ∈ C2((0,∞)) satisfying the
conditions:
(i) f (1) = 1
(ii) f (x+1) = [x]q f (x)
(iii) d
2
dx2 Log f (x)≥ Logq, x > 0
is the q-Gamma function Γq.
Now, we introduce the following definition
Definition 3.3. Let q > 0,q 6= 1. The symmetric q-Gamma function Γ˜q is de-
fined by
Γ˜q(x) = q−(x−1)(x−2)/2Γq2(x). (17)
Proposition 3.4. The q-Gamma function Γ˜q has the following properties:
(a) Γ˜q(1) = 1
(b) Γ˜q(x+1) = [˜x]qΓ˜q(x)
(c) Γ˜q is symmetric under the interchange q↔ q−1.
Proof. (a) it is clear that Γ˜q(1) = 1.
(b) We have
Γ˜q(x+1) = q−x(x−1)/2Γq2(x+1)
= q−x(x−1)/2
1−q2x
1−q2 Γq2(x)
= [˜x]qΓ˜q(x).
(c) We assume that 0 < q < 1, we have
Γ˜q−1(x) = q(x−1)(x−2)/2Γq−2(x). (18)
Since 0 < q < 1, so q−1 > 1 and from the relation (14) we have
Γq−2(x) = q−(x−1)(x−2)Γq2(x). (19)
Therefore
Γ˜q−1(x) = q(x−1)(x−2)/2q−(x−1)(x−2)Γq2(x) = q−(x−1)(x−2)/2Γq2(x) = Γ˜q(x).
(20)
Proposition 3.5. A q-analogue of Legendre’s duplication formula is given by
Γ˜q(2x)Γ˜q2(
1
2
) = ([˜2]q)
2x−1Γ˜q2(x)Γ˜q2(x+
1
2
). (21)
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Proof. From the relation (16), we have
Γq2(2x)Γq4(
1
2
) = (1+q2)2x−1Γq4(x)Γq4(x+
1
2
).
So, by using the relation (17) we obtain
q
(2x−1)(2x−2)
2 Γ˜q(2x)q
3
4 Γ˜q2(
1
2
)
= (1+q2)2x−1q(x−1)(x−2)Γ˜q2(x)q(x−
1
2 )(x− 32 )Γ˜q2(x+
1
2
).
Γ˜q(2x)Γ˜q2(
1
2
) = (1+q2)2x−1q−2x+1Γ˜q2(x)Γ˜q2(x+
1
2
)
= (q+q−1)2x−1Γ˜q2(x)Γ˜q2(x+
1
2
)
= ([˜2]q)
2x−1Γ˜q2(x)Γ˜q2(x+
1
2
).
The result is a consequence of the fact that Γ˜q and Γ˜q2 are symmetric under the
interchange q↔ q−1.
The following result is a q-analogue of the Bohr-Mollerup theorem for q 6= 1.
Theorem 3.6. Let q > 0,q 6= 1. The only one function f ∈C2((0,∞)) satisfying
the conditions:
(i) f (1) = 1
(ii) f (x+1) = [˜x]q f (x)
(iii) d
2
dx2 Log f (x)≥ |Logq|, x > 0,
is the symmetric q-Gamma function Γ˜q.
Proof. Firstly, it is easy to see that the function Γ˜q satisfies the conditions (i),
(ii) and we have
LogΓ˜q(x) =−(x−1)(x−2)2 Log(q)+LogΓq2(x), (22)
so
d2
dx2
LogΓ˜q(x) =−Logq+ d
2
dx2
Log(Γq2(x)).
Now, by using theorem 3.1 and theorem 3.2 we deduce that in both cases
the condition (iii) follows.
On the other hand, let f be a function satisfying the three conditions (i),(ii) and
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(iii) and let g(x) = q
(x−1)(x−2)
2 f (x).
We have
g(1) = f (1) = 1,
g(x+1) = q
x(x−1)
2 f (x+1) = qx−1 [˜x]qq
(x−1)(x−2)
2 f (x) = [x]q2g(x),
and
d2
dx2
Log(g(x)) = Logq+
d2
dx2
Log( f (x))≥ Logq+ |Logq|,
which implies, from theorem 3.1 and theorem 3.2 that g = Γq2 .
Thus
f (x) = q−
(x−1)(x−2)
2 Γq2(x) = Γ˜q(x),
and the theorem is proved.
Definition 3.7. Let q > 0,q 6= 1. The symmetric q-Beta function is defined by
the relation
B˜q(x,y) =
Γ˜q(x)Γ˜q(y)
Γ˜q(x+ y)
, x > 0 y > 0. (23)
It is clear that the q-Beta function B˜q is symmetric under the interchange
q↔ q−1.
Proposition 3.8. The function B˜q satisfies the following formulae for x,y > 0 :
1) B˜q(x,y) = B˜q(y,x).
2)B˜q(x+1,y) =
[˜x]q
[˜y]q
B˜q(x,y+1).
3) B˜q(x,y+1) =
[˜y]q
[˜x+y]q
B˜q(x,y).
Proof. This can be proved straightforwardly from (23) and proposition 3.4.
4. Symmetric q-Bessel function
In literature there are many definitions of the q-analogue of the Bessel func-
tion(see [3], [8])
Jν(x) =
∞
∑
n=0
(−1)n( x2)ν+2n
n!Γ(ν+n+1)
. (24)
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In [2], G. Dattoli and A. Torre gave a q-analogue of Bessel functions for an
integer order, symmetric under the interchange of q and q−1 defined by:
Jn(x,q) =
∞
∑
k=0
(−1)k( x2)n+2k
[˜n+ k]q![˜k]q!
. (25)
In this section, and by using the symmetric q-Gamma function, we give a gen-
eralization of the q-symmetric Bessel functions.
Definition 4.1. The symmetric q-Bessel function is defined by:
J˜ν(x,q) =
∞
∑
n=0
(−1)n( x
[˜2]√q
)ν+2n
Γ˜q(ν+n+1)[˜n]q!
. (26)
Proposition 4.2. J˜ν(x,q) is symmetric under the interchange q←→ q−1.
We deduce the relation between (25) and (26) given by:
J˜n(x,q) = Jn(
2x
[˜2]√q
,q). (27)
Proposition 4.3. The symmetric q-Bessel function satisfies the following recur-
rence relations
[˜2ν ]√q
x
J˜ν(x,q) = q−
(ν−1)
2 J˜ν−1(x
√
q,q)+q
ν+1
2 J˜ν+1(x
√
q,q). (28)
[˜2ν ]√q
x
J˜ν(x,q) = q
(ν−1)
2 J˜ν−1(
x√
q
,q)+q−
(ν+1)
2 J˜ν+1(
x√
q
,q). (29)
Proof. From the definition (26), we have
[˜ν ]qJ˜ν(x,q) =
∞
∑
n=0
(−1)n(qn [˜ν+n]q−qν+n [˜n]q)( x[˜2]√q )
ν+2n
Γ˜q(ν+n+1)[˜n]q!
=
∞
∑
n=0
(−1)nqn( x
[˜2]√q
)ν+2n
Γ˜q(ν+n)[˜n]q!
−
∞
∑
n=1
(−1)nqν+n( x
[˜2]√q
)ν+2n
Γ˜q(ν+n+1)[˜n−1]q!
=
x
[˜2]√q
∞
∑
n=0
(−1)nqn( x
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
+
∞
∑
n=0
(−1)nqν+n+1( x
[˜2]√q
)ν+2n+2
Γ˜q(ν+n+2)[˜n]q!
=
x
[˜2]√q
q−
(ν−1)
2
∞
∑
n=0
(−1)n(
√
qx
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
+
x
[˜2]√q
q
(ν+1)
2
∞
∑
n=0
(−1)n(
√
qx
[˜2]√q
)ν+1+2n
Γ˜q(ν+n+2)[˜n]q!
.
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Using the relation [˜2]√q [˜ν ]q = [˜2ν ]√q, we obtain
[˜2ν ]√q
x
J˜ν(x,q) = q−
(ν−1)
2 J˜ν−1(
√
qx,q)+q
(ν+1)
2 J˜ν+1(
√
qx,q).
The relation (29) can be obtained from (28) by changing q by q−1.
Proposition 4.4. The symmetric q-Bessel function satisfies the following rela-
tion
q−
(ν−1)
2 J˜ν−1(x
√
q,q) =
x
[˜2]√q q
(1−q2)J˜ν(x,q)+q ν−12 J˜ν−1( x√q ,q). (30)
Proof. From the definition (26), we obtain
q−
(ν−1)
2 J˜ν−1(x
√
q,q)−q ν−12 J˜ν−1( x√q ,q)
= q−
(ν−1)
2
∞
∑
n=0
(−1)n
(
x
√
q
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
−q (ν−1)2
∞
∑
n=0
(−1)n
( x
[˜2]√q
√
q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
=
∞
∑
n=0
(−1)nqn
( x
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
−
∞
∑
n=0
(−1)nq−n
( x
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
= (q−q−1)
∞
∑
n=0
(−1)n
[˜n]q(
x
[˜2]√q
)ν−1+2n
Γ˜q(ν+n)[˜n]q!
= (q−q−1)
∞
∑
n=0
(−1)n+1
( x
[˜2]√q
)ν+1+2n
Γ˜q(ν+n+1)[˜n]q!
=
x
[˜2]√qq
(1−q2)J˜ν(x,q).
The proof is complete.
4.1. Derivative and differential equation of the symmetric q-Bessel
function
Proposition 4.5. For ν > 0, the following relations holds
D˜q
[
xν J˜ν(x,q2)
]
= xν J˜ν−1(x,q2). (31)
D˜q
[
x−ν J˜ν(x,q2)
]
=−x−ν J˜ν+1(x,q2). (32)
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Proof. We have
xν J˜ν(x,q2) =
∞
∑
n=0
(−1)nx2ν+2n( 1
[˜2]q
)ν+2n
Γ˜q2(ν+n+1)[˜n]q2!
D˜q[xν J˜ν(x,q2)] =
∞
∑
n=0
(−1)n( 1
[˜2]q
)ν+2n ˜[2ν+2n]qx2ν+2n−1
Γ˜q2(ν+n+1)[˜n]q2!
=
∞
∑
n=0
(−1)n( 1
[˜2]q
)ν+2nx2ν+2n−1
Γ˜q2(ν+n)[˜n]q2!
˜[2(ν+n)]q
[˜ν+n]q2
=
∞
∑
n=0
(−1)n( 1
[˜2]q
)ν+2nx2ν+2n−1
Γ˜q2(ν+n)[˜n]q2!
(q+q−1)
= xν J˜ν−1(x,q2).
It’s the same for the relation (32).
By induction, we obtain
Proposition 4.6. For all n ∈ N, we have
(
1
x
D˜q)n(xν J˜ν(x,q2)) = xν−nJ˜ν−n(x,q2), ν > n−1, (33)
and
(−1
x
D˜q)n(x−ν J˜ν(x,q2)) = x−ν−nJ˜ν+n(x,q2), ν > 0. (34)
Proposition 4.7. The function J˜ν(x,q2) is a solution of the equation
q−1D˜2q f (x)+
1
x
D˜q f (qx)+(1−
[˜ν ]
2
q
x2
) f (x) = 0. (35)
Proof. By using the relations (31) and (32), we obtain
1
xν+1
D˜q(x2ν+1(D˜q(x−ν J˜ν(x,q2)))) =−J˜ν(x,q2). (36)
On the other hand, from the relation (7), we have
1
xν+1
D˜q(x2ν+1D˜q(x−ν f (x))) = q−1D˜2q f (x)+
1
x
D˜q f (qx)−
[˜ν ]
2
q
x2
f (x),
and the result follows.
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Proposition 4.8. The function J˜ν(x,q) satisfies the following relations:
[˜2]√qD˜qJ˜ν(x,q) = q
− (ν−1)2 J˜ν−1(
√
qx,q)−q− (ν+1)2 J˜ν+1( x√q ,q). (37)
[˜2]√qD˜qJ˜ν(x,q) = q
(ν−1)
2 J˜ν−1(
1√
q
x,q)−q (ν+1)2 J˜ν+1(x√q,q). (38)
Proof. We have
D˜qJ˜ν(x,q) =
1
[˜2]√q
∞
∑
n=0
(−1)n ˜[ν+2n]q( x[˜2]√q )
ν+2n−1
Γ˜q(ν+n+1)[˜n]q!
. (39)
The relation ˜[ν+2n]q = q
n [˜ν+n]q+q
−ν−n [˜n]q, gives
[˜2]√qD˜qJ˜ν(x,q) =
∞
∑
n=0
(−1)nqn( x
[˜2]√q
)ν−1+2n
Γ˜q(ν−1+n+1)[˜n]q!
+
∞
∑
n=1
(−1)nq−ν−n( x[2]√q )ν−1+2n
Γ˜q(ν+n+1)[˜n−1]q!
= q−
ν−1
2
∞
∑
n=0
(−1)n(
√
qx
[˜2]√q
)ν−1+2n
Γ˜q(ν−1+n+1)[˜n]q!
+
∞
∑
n=0
(−1)n+1q−ν−(n+1)( x
[˜2]√q
)ν+2n+1
Γ˜q(ν+1+n+1)[˜n]q!
= q−
ν−1
2
∞
∑
n=0
(−1)n(
√
qx
[˜2]√q
)ν−1+2n
Γ˜q(ν−1+n+1)[˜n]q!
−q− ν+12
∞
∑
n=0
(−1)n( x
[˜2]√q
√
q
)ν+2n+1
Γ˜q(ν+1+n+1)[˜n]q!
.
Thus
[˜2]√qD˜qJ˜ν(x,q) = q
− ν−12 J˜ν−1(
√
qx,q)−q− ν+12 J˜ν+1( x√q ,q). (40)
The relation (38) can be obtained from (37) by changing q by q−1.
5. The symmetric q- j˜ν Bessel function
We define the symmetric q- j˜ν Bessel function by
j˜ν(x;q2) =
∞
∑
n=0
(−1)nΓ˜q2(ν+1)( x[˜2]q )
2n
Γ˜q2(n+ν+1)Γ˜q2(n+1)
. (41)
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We define a symmetric q-trigonometric functions by
c˜os(x,q2) =
∞
∑
n=0
(−1)nx2n
[˜2n]q!
(42)
s˜in(x,q2) =
∞
∑
n=0
(−1)nx2n+1
˜[2n+1]q!
. (43)
One can see, after simple computation that
j˜− 12 (x,q
2) = c˜os(x,q2),
j˜ 1
2
(x,q2) =
s˜in(x,q2)
x
.
Proposition 5.1. The symmetric q- j˜ν Bessel function satisfies the following re-
currence relation:
(
1
x
D˜q) j˜ν(x,q2) =
−1
˜[2(ν+1)]q
j˜ν+1(x,q2). (44)
Proof. We have
D˜q j˜ν(x,q2) = Γ˜q2(ν+1)
∞
∑
n=1
(−1)n
Γ˜q2(n+1)Γ˜q2(n+ν+1)
(
1
[˜2]q
)2n [˜2n]q x
2n−1
= Γ˜q2(ν+1)
∞
∑
n=1
(−1)n
Γ˜q2(n)Γ˜q2(n+ν+1)
(
x
[˜2]q
)2n−1
= −x 1
˜[2(ν+1)]q
j˜ν+1(x,q2).
By induction, we deduce
Proposition 5.2. For all integers n, the symmetric q− j˜ν Bessel function verifies
(
1
x
D˜q)n j˜ν(x,q2) = (
−1
[˜2]q
)n
Γ˜q2(ν+1)
Γ˜q2(n+ν+1)
j˜ν+n(x,q2). (45)
Proposition 5.3. The symmetric q− j˜ν Bessel function verifies the following
relation
(
1
x
D˜q)(x2ν j˜ν(x,q2)) = [˜2ν ]q x
2(ν−1) j˜ν−1(x,q2). (46)
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Proof. We have
(
1
x
D˜q)(x2ν j˜ν(x,q2))
= x2(ν−1)
∞
∑
n=0
(−1)nΓ˜q2(ν+1)
Γ˜q2(n+1)Γ˜q2(n+ν+1)
(
x
[˜2]q
)2n ˜[2(ν+n)]q
= [˜2]q [˜ν ]q2
∞
∑
n=0
(−1)nΓ˜q2(ν+1)
Γ˜q2(n+1)Γ˜q2(n+ν)
(
x
[˜2]q
)2n
= [˜2ν ]q x
2(ν−1) j˜ν−1(x,q2).
Proposition 5.4.
(
1
x
D˜q)n(x2ν j˜ν(x,q2)) = [˜2]
n
q
Γ˜q2(ν+1)
Γ˜q2(ν−n+1)
x2(ν−n) j˜ν−n(x,q2). (47)
We introduce the q-Bessel operator
4˜ν ,q f (x) =
1
x2ν+1
D˜q[x2ν+1 D˜q f ](x) = q2ν+1D˜2q f (x)+
˜[2ν+1]q
x
D˜q f (q−1x).
(48)
Theorem 5.5. For λ ∈ C, the function x 7→ j˜ν(λx,q2) is the unique solution of
the problem
4˜ν ,q f (x) =−λ 2 f (x) (49)
f (0) = 1, f ′(0) = 0. (50)
The proof is straightforward.
In [3], the q− jν Bessel function is defined for 0 < q < 1 by
jν(x,q2) = Γq2(ν+1)
∞
∑
n=0
(−1)n q
n(n−1)
Γq2(ν+n+1)Γq2(n+1)
(
x
1+q
)2n (51)
Then, thanks to the following relation
j˜ν(x,q) = jν(q
ν+1
2 x,q2), (52)
we obtain
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Theorem 5.6. For ν >−12 and 0 < q < 1, the symmetric q− j˜ν Bessel function
has the following q-integral representation of Mehler type
j˜ν(x,q) = C˜(ν ,q)
∫ 1
0
Wν(t,q)c˜os(q
2ν+1
4 xt,q)dqt (53)
where Wν is the q-binominal function defined by
Wν(t,q) =
(t2q2,q2)∞
(t2q2ν+1,q2)∞
. (54)
and
C˜(ν ,q) =
1+q
q
1
2 (
3
2−ν)B˜q(ν+ 12 ,
1
2)
. (55)
Proof. Using the q-integral representation of Mehler type of q− jν (see [3])
jν(x,q2) = (1+q)C(ν ,q2)
∫ 1
0
Wν(t,q2) j− 12 (xt,q
2)dqt, (56)
where (1+q)C(ν ,q2) =
(1+q)Γq2 (ν+1)
Γq2 (
1
2 )Γq2 (ν+
1
2 )
= C˜(ν ,q), and from the relation (52) we
obtain
j˜ν(x,q) = jν(q
ν+1
2 x,q2) = (1+q)C(ν ,q2)
∫ 1
0
Wν(t,q2) j− 12 (q
ν+1
2 xt,q2)dqt
= (1+q)C(ν ,q2)
∫ 1
0
Wν(t,q2) j− 12 (q
1
4 q
2ν+1
4 xt,q2)dqt
= (1+q)C(ν ,q2)
∫ 1
0
Wν(t,q2)c˜os(q
2ν+1
4 xt,q)dqt.
The proof is complete.
Proposition 5.7. For ν > −12 , p ≥ 0 and 0 < q < 1 the q− j˜ν+p symmetric
Bessel function have the following q-integral representation of Sonine type
j˜ν+p(x,q) = C˜1(ν ,q)
∫ 1
0
t2ν+1Wp− 12 (t,q) j˜ν(q
p
2 xt,q)dqt (57)
where
C˜1(ν ,q) =
1+q
q1−p(ν+1)
Γ˜q(ν+ p+1)
Γ˜q(ν+1)Γ˜q(p)
. (58)
Proof. The result follows from the q-integral representation of sonine type of
q− jν (see [3]) and the relation (52).
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5.1. q-Transmutation
The q-Bessel operator of the q− jν function is defined by (see [3])
4q,ν f (x) = q2ν+14q f (x)+ [2ν+1]q 1q−1xDq f (q
−1x) (59)
where
4q f (x) = (D2q f )(q−1x). (60)
We design by D∗,q the space of functions defined in R˜q,+ which are the restric-
tion of the even function with compact support in R˜q. This space is equipped
with the topology of uniform convergence. For ν > −12 , and f ∈ D∗,q, the q-
analogue of the Kober-Erdelyi transform is defined by
χν ,q( f )(x) = C(ν ,q2)(1+q)
∫ 1
0
Wν(t,q2) f (xt)dqt. (61)
Theorem 5.8. The operator χν ,q is an isomorphism on D∗,q. Moreover, it
transmutes the q-operator 4˜ν ,q and D˜2q in the following sense
4˜ν ,qχν ,q2 = q−2ν−1χν ,q2D˜2q (62)
Proof. In [3], the authors proved that the operator χν ,q is an isomorphism on
D∗,q and verifies the relation
∆ν ,qχν ,q = χν ,q∆q. (63)
From the relations,
D˜2q f (x) = q
−1D2q2 f (q
−2x), D˜q f (x) = Dq2 f (q
−1x) and [˜x]q = q
−(x−1)[x]q2
(64)
it follows that
4˜ν ,q = q−2ν−24ν ,q2 and 4q2 = qD˜2q. (65)
Now, using the relations (63) and (65), we obtain
4˜ν ,qχν ,q2 = q−2ν−1χν ,q2D˜2q. (66)
The proof is complete.
ON SOME SYMMETRIC q-SPECIAL FUNCTIONS 121
Acknowledgements
The authors thank the referee for their constructive comments and helpful sug-
gestions.
REFERENCES
[1] R. Askey, The q-gamma and q-beta functions, App. Anal. 8 (1978), 125–141.
[2] G. Dattoli - A. Torre, Symmetric q-Bessel functions, Le Matematiche 51 (1)
(1996), 153–167.
[3] A. Fitouhi - M. M. Hamza - F. Bouzeffour, The q-Jα Bessel function, J. Approx.
Theory 115 (2002), 144–166.
[4] G. Gasper - M. Rahmen, Basic Hypergeometric Series, Encyclopedia of Mathe-
matics and its application, Vol. 35 Cambridge Univ. Press, Cambridge, UK,1990.
[5] M. E. H. Ismail, The zeros of basic Bessel functions, the functions Jν+ax(x), and
associated orthogonal polynomials, J. Math. Anal. Appl. 86 (1982), 1–19.
[6] F. H. Jackson, On a q-Definite Integrals. Quarterly Journal of Pure and Applied
Mathematics 41 (1910), 193–203.
[7] T. H. Koornwinder, q-Special Functions, a Tutorial, Mathematical Preprint Series,
Report 94-08, Univer. Amsterdam. The Netherlands.
[8] T. H. Koornwinder - R. F. Swarttouw, On q-analogue of the Fourier and Hankel
transforms, Trans. A.M.S. 333 (1992), 445–461.
[9] D. S. McAnally, q-exponential and q-gamma functions I. q-exponential functions,
J. Math Phys. 36 (1) (1995), 546–573.
[10] D. S. McAnally, q-exponential and q-gamma functions II. q-gamma functions, J.
Math Phys. 36 (1) (1995), 574–595.
[11] D. S. Moak, The q-gamma function for q > 1, Aequat. Math. 20 (1980), 278–285.
[12] L. J. Rogers, Second memoir on the expansion of certain infinite products, Proc.
London Math. Soc. 25 (1984), 318–343.
[13] A. De Sole - V. G. Kac, On integral representations of q-Gamma and q-Beta func-
tion, Departement of Mathematics, MIT, Cambridge, USA.
122 KAMEL BRAHIM - YOSR SIDOMOU
KAMEL BRAHIM
Institut Supe´rieur des Etudes Pre´paratoires
en Biologie et Geologie de la Soukra
Tunisia
e-mail: Kamel710@yahoo.fr
YOSR SIDOMOU
Institut Supe´rieur des Etudes Pre´paratoires
en Biologie et Geologie de la Soukra
Tunisia
e-mail: sidomouyosr@yahoo.fr
